






The reaction potential for hydrogen evolution is 1.17 V which is comparable to that for 
Co deposition. Hence both reactions are likely to occur at this pH. From an application 
point of view, a relatively high pH is needed for the Co deposition to become the favored 
reaction.  Thus if the wastewater is acidic then Co recovery is difficult by electrochemical 
process. 
 
 
Voltage Balance 
This is similar to the heat balance in chemical reactors.  The overall voltage needed can 
be expressed as 
 
 ( ) ( ) )()( metalIRmembraneIRsolutionIREV CArT +++−++= ηη  
 
where  = decomposition voltage predicted from thermodynamics rE
 Aη = anode overpotential = Ea in figure 
 Cη =cathode overpotential = Ec in figure 
 IR=voltage drop due to a resistance in the solution and metal.   
 
IR drop in the metal is low in general but can not be ignored of cells that are connected in 
series.   
 
The components of the above voltage balance are all functions of the current density 
except of course the term  which is determined by thermodynamics.  Lower the 
current density is lower the voltage drop, but the reaction rate is also correspondingly 
lower.  To quantify the overpotential-current relations, the reaction kinetics is needed as 
discussed in the next section. 

rE

 

 



Kinetics of electrode processes 
 
The rate of electrochemical reactions are often expressed in terms of current density 
rather than in terms of the moles produced per unit time per unit area of the electrode 
surface. 
We define the current density as i which is A/m2 s. The total current at the cathode is the 
same as the current at the anode.  The current density is related to the rate of reaction by 
the following equation which is a consequence of Faraday’s law.   
i = n F r 
where r is the rate of reaction in moles produced/m2s 
 
To provide an expression for the rate, r or the equivalent current density consider an 
electrode reaction represented as a reversible reaction of the type: 
 

−+ +⇔ neOR n  
 
where R and O represent the reduced and oxidized species and n is the number of 
electrons transferred.  
 
The rate is affected by the potential difference between the metal and the adjacent 
solution. Let E represent this value. smE φφ −= . 
Then the rate of forward reaction (oxidation) is increased by increasing the value of E, i.e. 
by having a higher potential at the metal compared to the solution). Similarly,  the rate of 
backward reaction is improved by decreasing E. The effect of potential difference on the 
rate is thus equivalent to the effect of temperature and the rate is found to depend 
exponentially on the value of E. The rate is also dependent on the concentration of the 
species. For as simple  elementary reaction the dependency is linear. Combining the 
effect of both concentration and temperature we can write the rate as: 
 
The rate of forward reaction is therefore proportional to ( )EnfCk Rf βexp  
while the rate of backward reaction is proportional to ( )( )EnfCk Ob β−− 1exp  
where β is a factor between 0 and 1 that represents the efficiency of activation due to 
electric potential.  
The factor f represents F/R T which is a factor similar to that in the Arrhenius equation 
for the effect of rate on temperature. 
 
Net rate is therefore equal to ( )EnfCk Rf βexp  - ( )( )EnfCk Ob β−− 1exp . 
 
 
 The rate constants kf and kb are, however, not independent and must meet the 
thermodynamic consistency. At equilibrium the rate is zero.  Also CR and CO are related 
by Nernst equation which is expressed now in the following rearranged form 
 



( )[ ]0exp rr
R

o EEnf
C
C

−=  

 
Setting  the net rate as zero and also using the CR and C0 values from the above version of 
the Nernst equation, we can drive the following thermodynamic relation between the 
forward and backward rate constants. 
 

( )0exp rfb nfEkk =  
 
where  is the equilibrium potential for the reaction at the standard conditions.  (The 
students may wish to verify the algebra for clarity). 

0
rE

 
The rate constant kf is often expressed in terms of a rate constant k0 defined below which 
is also called as a standard rate constant.  
 

( )0
0 exp rf Enfkk β−=  

 
Similarly, 
 

( ) ( )( )0
0

0 1expexp rrfb EnfknfEkk β−==  
 
Substituting and rearranging, the rate can be expressed as 
 
( ) ( )[ ]( ) ( )( )[ ]0

0
0

0 1expexp EEnfCEEnfCkr R −−−−−=− ββ    (A) 
 
Expressing in terms of current, we have 

( )[ ]( ) ( )( )[ ]0
0

0
0 1expexp EEnfCEEnfCnFki R −−−−−= ββ    (B) 

 
Note that if k0 and β are the two kinetic parameters in this ‘rate’ form. 
 
This provides a working model to represent the kinetics of electrode processes.  However, 
it is more common in the field to express the rate in terms of an overpotential at the 
electrode surface.  That is referred to as the difference between the actual applied 
potential and the equilibrium potential as η, the surface overpotential 
 

req EEEE −=−=η          (C) 
  
If η is greater than zero, the driving force term is positive and hence oxidation is favored.  
If η is less than zero, the driving force term is negative and hence the reverse reaction 
(reduction) is favored.  If η is zero the system is at equilibrium and the net rate is zero. 
 



Although the net rate is zero at equilibrium, we may consider the rate to be balance of the 
forward and backward reaction.  bf rrr −= and at equilibrium bf rr = .  From Eq(A), we 
can write 
 

( )[ ]0*
0

** (exp EEnfCkrr rRbf −== β  
 
The corresponding current is referred to as the exchange current. 
 

**
0 bf nFrnFri ==  

 
We use this expression in (B) and also express E in terms of the overall potential. 
 
Hence the current can be expressed as a function of overpotential as: 
 

( ) ( )( )[ ]ηββη −−−= 1expexp0 nfnfii  
 
This equation is known as the Butler-Volmer equation. 
 
In many cases the parameter nβ is grouped into a parameter αa.  Similarly, the parameter 
n(1-β) is grouped into a parameter αc. and the Butler-Volmer equation is written as: 
 

( ) (( ))ηαηα ffii ca −−= expexp0       (B) 
 
and all the three parameters i0, αa and αc  are then treated as fitted constants. 
The physical significance of these parameters are as follows: io represents the exchange 
current and is similar to the rate constant. Its value can vary over a wide range. 0.001 to 
10 A/m2 range for example. This parameter is sensitive to the electrode conditions as well 
as to surface contamination and other factors which affect the electron transfer process at 
the electrode. The parameter αa  is a measure of how an applied potential favors the anode 
(oxidation) reaction. Similarly, αc is a measure of cathodic process.  The values for these 
parameters are in the range of 0.2 to 2.  In some cases, they are both taken as 0.5 which 
says that the potential affects each reaction in the same manner. 
 
If more than one reaction occurs then both reactions must be described by these equations 
and the parameters i0 and β fitted for each reaction.  The overpotential for each reaction 
must also be calculated or measured with respect to its own equilibrium potential. 
 
If β = 0.5, the Butler-Volmer equation simplifies to a hyperbolic form: 

( )2/sinh2 0 ηnfii =
 
If the overpotential η is sufficiently large, then the reverse reaction is negligible and Eqn 
(B) can be expressed as: 

( )βηnfii exp0=



 
which can be rearranged to a linear form 

)ln(iba +=η
where a and b are system specific constants which are fitted from the experimental data.  
The above equation is known as the Tafel equation.  If η is small, the Butler-Volmer 
equation reduces to a linear form: 

ηnFii 0=  
 
Example : Kinetic model fitting 
A sample of plot of overpotential vs current density is shown in Fig 5.10 for Cu 
deposition/dissolution in acidic solution.  The data can be fitted as 

( ) ([ ])ηη 4.19exp1.58exp01.0 −−=i  
where i is in A/m2.  Note that mA/cm2 is used in this figure. 
 

 
 
 
Design Example: Voltage balance revisited 
We now show how the Butler-Volmer equation can be used to calculate the voltage 
needed to deposit a metal at a certain rate. 
 
Copper is to be deposited at a rate of 0.005 mole/sec from a solution of CuSO4.  Find (a) 
the current, (b) voltage required if the operating current density is 965 A/m2 and (c) the 
electrode surface area.  
Neglect hydrogen evolution and use the Butler-Volmer equation given earlier for Cu 
deposition. 
 



For oxygen evolution at the cathode use the following Tafel type of model: 
( )ia 10log05.08.0 +=η  where i is in A/m2.   

 
Solution: 
From Faraday’s law, the current needed is nF times the rate of deposition of Cu = 2 x 
96500 x 0.005 = 965 A. 
For a current density 965 A/m2 use then an electrode surface area of 1 m^2.  
 Using the Butler-Volmer equation for cathode and solving for ηc we have a cathode 
overpotential of 0.1982V. 
The anode overpotential is calculated using i of 0.1 in the units of A/cm2 as 0.75V. 
 
The thermodynamic decomposition potential (assuming a standard concentration) is 
obtained as 1.229V-0.337V = 0.9V.  Note that if the concentration of Cu++ is not 1M, 
then the Nernst correction is required.  
The total voltage needed is (ignoring the solution and membrane drop) 
0.9+0.75+0.1982=2.44V 
 
If the solution conductivity is known, the solution IR drop can be added to the voltage 
drop.  If we assume a drop of 0.2V then the voltage needed is 2.66V.  The power needed 
is I.V = 965 x 2.66 or 2560 W for this process. 
 
In the above example, we assumed no mass transfer resistance.  Additional voltage is 
needed to facilitate mass transfer of ions if there is significant resistance to mass transfer. 
 
 
Transport effects 
 
The reaction rate is often affected by the transport of ions near the electrode.  The film 
model is often convenient to represent the transport. 
The rate of transport to the surface is represented as: ( )sbL CCk −  where  is mass 
transfer coefficient to the surface. Traditionally mass transfer data are avialble for non-
charged species. A correction to this  is needed for charged species due to the 
contribution by migration due to electron field.  In this discussion, we simply assume that 

 is the corrected value. 

Lk

Lk

Lk
 
The transfer rate can be expressed in terms of the current as: 

( )sbL CCnFki −=  
 
The reaction rate (current density) is given  for a simple case where the reverse reaction is 
ignored. as: 
 

( ηαf
C
C

ii
b

S exp0= )     (A) 

where i0 is now corrected by the ratio of surface to bulk concentration. 



 
The maximum rate of transport occurs when the surface concentration is near zero and 
can be expressed as:  bLCk
 
The corresponding current is called the limiting current and is the maximum value of 
current possible at an electrode surface: bLL CnFki =  
 
The mass transfer rate to the electrode can then be represented as a current in terms of the 
limiting current as: 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=

b

s
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C
ii 1      (B) 

 

The current given by Eq (A) and (B) are the same at steady state.  Hence 
b

s

C
C

 can be 

eliminated. 

( )ηαfii
i
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C

L
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The current with mass transfer effects included in the analysis is then given from Eq (A) 
as 

 
)exp(
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For large overpotential, we can then show that the current i→iL and hence the current vs 
overpotential curve reaches an asymptote of iL. 
 
Example: Calculate the current for different values of overpotential for Cu deposition.  
Use the value for limiting current of 1000 A/m2 which is a representative value for a well 
stirred solution. 
 
Solution: We use the Butler-Volmer model for the kinetics with i0 = 0.01 A/m2 and αf = 
58.1 as before. 
Then using Eq (C) we can find i for various values of η and the results are tabulated 
below. 
η,V 0.2 0.5 0.6 
i, A/m2 526.74 1000 1000 
 

b

s

C
C

 is calculated as 0.4733 at η = 0.2 indicating significant transfer resistance. 

 
 
 



 
Electrodialysis 
The method of electrodialysis can be understood by the simple arrangement shown in Fig 
A. Here cation and anion selective membranes are placed alternatively with two 
electrodes at the end.  In the diagram only two pairs are shown but for larger scale 
applications one usually stacks more pairs with the feed entering at alternative pairs. The 
electrodes cause an electric current to pass through the system and cause a migration of 
cations towards the negative electrode and the anions to the anode. Because of the 
alternative spacing of cation and anion permeable membranes, cells of concentrated and 
dilute salts are formed.  
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Figure A. Schematic of an electrodialysis membran
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ammonium groups) and are selective to only negative ions because the fixed group NR3
+ 

will repel positive ions.  
 
The electrodes are neutral and do not participate in the reaction. However reactions are 
needed for a current to flow. The electrolysis of water is the main reaction which takes 
place in this system and can be represented as: 
 
Anode reaction: 
2OH-  ½ O2 + H2O + 2e- 

 
Cathode reaction: 
2H+ + 2e-  H2
 
If the solution has chloride ion then chlorine formation is another competing reaction 
which can take place at the anode. 
2Cl-  Cl2 + 2 e-

 
Standard potential for reaction set 1 is 0.401 V while for reaction set 2 is 1.3595V using 
the values in Table 1.  It may be noted that the extent of these reactions are small and 
only a small fraction of the water gets electrolyzed. 
 
Pretreatment of the solution is needed in some cases. For example suspended solids larger 
than 10nm in diameter need to be removed or else they will plug the membrane.  Calcium 
salt precipitation over the electrode could also be a problem and these are prevented by 
keeping the solution slightly acidic. 
 
As a rule of thumb standard ion exchange is preferred if the salt concentration is in the 
range of 500ppm. For larger concentrations in the range of 500 to 5000ppm electodialysis 
is more economical.  For even more concentrated solution, the reverse osmosis is the 
process of choice. 
 
Some advantages of the electrodialysis process are as follows: 
 Some ionic dissolved substances which cannot be separated by conventional 
methods can be removed by this process.  Unlike ion exchange those do not require a 
periodic regeneration step. 
 
Some disadvantages of the process are noted below. 
 Membranes can be fouled leading to poor separation, e.g. due to organic 
contaminants.  Multipass operation is usually needed to achieve a high removal of ionic 
contents.  Electrical energy costs and hence the operating costs are high. 
 
Design of electrodialysis unit 
Current required for electrodialysis can be calculated using the Faraday’s law of 
electrolysis. If ∆N is the g-eq of ions migrated from one electrode to another the current 
is given as F times ∆N. If the concentration change is ∆C then the g-eq transferred is z  
times ∆C  where z is the valence of the ions. Hence the current needed is given by: 



I = z  F Q ∆C  /  η   
where η   is  the current efficiency. 
 
The corresponding equation for the current infor a stack of cells is given as: 
 
I = = z  F Q ∆C  /  η  n 
where n is the number of cell pairs. Note that one cell pair represents one cation plus one 
anion exchange membranes. 
 
Current density is another important parameter which is needed for the design. It is 
defined as the current per unit area of membrane in the direction perpendicular to the 
direction of current flow.  Current density to solution (CD/N) normality ratio is an 
important a parameter. Too high value a value for (CD/N) indicates that there is 
insufficient charge to carry the current. Too low indicates a poor rate of membrane 
transport.  A value of 50 to 500 A/m2 is used in design and once this is set the membrane 
area is fixed.  
 
The phenomena of concentration polarization becomes important at large current 
densities.  
 
Membrane area = current / current density 
 
The resistance of the electrodialysis unit to treat a particular type of waste water is usally 
determined experimentally since it depends on the composition of the wastewater and the 
type of membrane used.  Once the resistance R and the current is known the power 
consumption can be calculated as 
  
Voltage applied V   = current times resistance 
Hence 
Power P = V x  I = R  x  I2 

 
The voltage is actually determined by the various potential drops in the system similar to 
that for an electrolyzer. These terms are listed below 
 

1. Equilibrium potenital for the cathode  and anode reactions. 
2. overpotential at the cathode and anode 
3. voltage needed to overcome the ohmic resistance of the electrolytes in each 

compartment. 
4. voltage needed to overcome the resistance of the membrane. 
5. voltage needed to overcome the concentration polarization caused by the mass 

transfer resistance at each membrane surface. 
 
For a given current all these terms can, in principle, be calculated and the overall 
potential drop in the system can be calculated.  The contribution of the first two terms 
above is small and usually the last three terms are mainly responsible for the voltagae 



drop.  However, for a quick design, the measured value of resistance is used in order to 
estimate the power needed. Often no detailed voltage balance is performed. 
 
These simple calculations are useful for a first level analysis and the procedure is 
illustrated by the following example. 
 
Example 4:   4000 m3  per day of water containing 2500mg/L of NaCl is to be treated in 
an electrodialysis unit consisting of 240 cell pairs to reduce the salt concentration by 50%. 
The current efficiency is taken as 90%.  
Assume a voltage drop of 1V per stack  and a design current density of 400A/m2. 
Determine the power needed and the membrane surface area to be provided. 
 
Solution:  
Q = 4000/24/3600 = 0.0463 m3  /s   
Cin= 2500/58.5 mg- mol/L =  42.735 g-mol/m3

 
From mass balance we first determine the g-eq of charge transferred. 
 
Z= 1 for NaCl. ; ∆C = Cin * 0.5 for 50% conversion = 21.368 g-mol/m3

N = number of cell pairs = 240. 
The current needed is then calculated as: 
I = z  F Q ∆C  /  η  n =  442 A 
 
From the recommended current density value of 400, the needed membrane surface area 
is: 
Area = 442./400 = 1.105m2 area needed. 
Total voltage = 1V x 240 = 240V 
The power needed is therefore 240 x 442 W = 106.08  kW 
 
It is also instructive to calculate the fraction of the water electrolyzed. 
Using Faraday’s law one mole of H2O is equal to 2g-eq of H+ and needed charge 
of 96520 * 2 = 193040.C/g-mol of water.  Hence for a current of 442A or 442C/s we will 
electrolyze 442/193040 = 0.0023  g mol/s of water. This is equal to 3.5609kg/day of 
water compared to feed of 4E+06 kg/day. Hence the quantity of water electrolyzed is 
very small. 
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ChE 512 CHAPTER 13 

 

ADSORPTION 

BASIC NOTION 

Adsorption is a process by which a chemical component (species) from a fluid phase (gas or liquid) is 

removed by attachment to a solid phase.  The species being adsorbed is often called the adsorbate, 

when it resides on the solid, and the solid is called the adsorbent. 

 

Every adsorption at given conditions of temperature, pressure and composition of the fluid phase can 

be characterized by its equilibrium state and by its dynamics consisting of the kinetics of the 

adsorption-desorption process. 

 

Consider for example species A in a fluid phase (f) that is adsorbed on solid sites (S • ) by a simple 

mechanism indicated by equation (1) below: 

 

( ) ( ) ( )sAS
k

k
sSfA

d

a **+  (1) 

 

If we assume that all solid sites are identical in their affinity for species A, and are all equally 

accessible to the fluid containing A, then a single adsorption rate constant ak , and a single desorption 

rate constant, dk , are sufficient to describe the adsorption-desorption mechanism of equation (1). 

 

The rate of adsorption can now be written as: 

 

 ( ) ( )*SAkr aa =  2a) 

 

and the rate of desorption as 

 

( )*ASkr dd =  (2b) 
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At equilibrium the two rates are equal 

 

da rr =  (3a) 

 

which yields the equilibrium constant (in appropriate units): 

 

( )
( ) ( ) eqd

a
A AS

AS
k
k

K 







==

*

*

 (3b) 

 

Note that  the total number of active sites (actually concentration of active sites) available for 

adsorption of A is constant and equal to ( )oS * .  Thus, total sites are made up of either unoccupied 

sites ( )*S  or sites containing the adsorbate ( )*AS  as expressed by equation (4): 

 

( ) ( ) ( )*** ASSS o +=  (4) 

 

Simultaneous solution of equations (3b) and (4) yields the following expressions for the fraction of 

the sites covered by the adsorbate, eθ , and for the fraction of free sites, ( )eθ−1  at equilibrium 

 

( )
( )

( )
( )AK

AK
S
AS

A

A

eqo
e +

=







=

1*

*

θ  (5a) 

 

( )
( ) ( )AKS

S

Aeqo
e +

=







=−

1
11 *

*

θ  (5b) 

 

It is informative  to plot the fraction of the surface sites covered by the adsorbate as a function of 

fluid phase concentration of A, ( )eA  with which the solid is equilibrated. 
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FIGURE 1:   Langmuir Isotherm 

 

This plot of equation (5a) is the so called Langmuir isotherm, i.e. the plot of the adsorbate 

concentration in equilibrium at constant temperature conditions with the surrounding fluid.  The plot 

reveals that at the fluid phase concentration of the adsorbing species equal to the reciprocal of the 

adsorption equilibrium constant (expressed in appropriate units) the equilibrium fractional coverage 

of the adsorbent is exactly one half.  As the fluid concentration of A is increased indefinitely (which 

of course has practical limitations) the equilibrium surface coverage of the adsorbent by the adsorbate 

tends to unity.  How fast this approach to unity occurs depends on the value of the equilibrium 

constant AK .  For an irreversible adsorption ∞→AK  and 1=eθ  at all concentrations of A i.e. the 

plot in Figure 1 is a Hevisides step function at ( ) ( )( )eee AHA == θ,0 . 

 

Let  us examine now the effect of temperature on the adsorption process.  The true thermodynamic 

constant, *
AK , for the above considered adsorption process is unit-less and given in terms of 

activities: 

 

KA
* =

a
AS*

a
S* aA

= e−∆G* RT  (6) 

 

For species that are preferentially adsorbed on the solids sites (and we clearly speak of chemisorption 

here) the Gibbs free energy for adsorption is negative as the process proceeds spontaneously (i.e. 

0*<∆G ).  This means 
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0*** <∆−∆=∆ STHG  (7) 

 

However, as the molecules of A get adsorbed, they lose a degree of freedom (as their motion on the 

surface of the solid is constrained in two dimensions compared to three dimensional motion in the 

fluid phase) and therefore there is a decrease in entropy due to adsorption, i.e. 0* <∆S .  Now for the 

left hand side of equation (7) to be negative, as it should, one must have 0* <∆H . 

 

The enthalpy change due to adsorption ∆H* = H
~ AS*

− H
~ A( ) is negative, i.e. heat is evolved (released) 

due to adsorption.  This is an accord with our common experiences as adsorption is a process akin to 

condensation (e.g. vapor molecules condense on a surface) which also is accompanied with heat 

release. 

 

Often one talks about the heat of adsorption defined by 

 
*Hqa ∆−=  (8) 

 

We recall the Van t Hoffs equation is: 

 

 

2

**ln
RT

H
dt

Kd A ∆
=  (9a) 

 

or 

 

2

ln
RT

H
dt

Kd AA ∆
=  (9b) 

 

Since 0<∆ AH , AK  decreases with increased temperature, and the  fractional coverage of the surface  

with the adsorbate, θ , decreases at given concentration of A  with increased temperature.  (There are 

few exceptions to this general rate). 

 



 5

We still need to consider the rates of adsorption and the appropriate units for various constants.  In a 

liquid state we can express the activities in terms of the product of the activity coefficient and 

concentration jjj Cγα =   Then 

 

KA
* =

γ
AS* AS*( )

γ
S* S*( ) A( )γA

= Kγ KA  (10) 

 

The units of γK  are those of concentration, say (mol/L) or M, and the units of AK  then are M-1.  The 

concentration of A in the fluid is then measured in (mol/L) or M. 

 

In gases, it is often more convenient to use the partial pressure of ( )atmPA A,  as a measure of gas 

phase concentration of the adsorbing species A.  Then, based on ideal gas equation  one gets 

 

( ) ( ) ( )1*11 −−− == atmKKRTKatmK AAAp γ   (11) 

 

The equilibrium constant ( )1−atmK
pA  is then used in the adsorption isotherm of equation (5a) and 

(5b)  while AP  replaces the concentration of ( )AA, . 

 

The net rate of adsorption is the difference between the rate of adsorption and desorption which can 

be written with the help of (2a), (2b) : 

 

( ) ( ) ( ) ( ) θθ 0
** 1 SkASkr doaad −−=  (12) 

 

Strictly speaking based on the concepts introduces so far we would expect to measure the rate in 

moles adsorbed by solid per unit surface area of solid sites and unit time, i.e. ( )( )sdmmolrnet
2 .  The 

use of dm  is needed since ( )311 dmL =  and concentrations are measured in ( )Lmol .  The natural 

measure of (S*)0   in moles per unit surface of the solid i.e. ( )( )2dmmol  in which case the adsorption 

and desorption rate constants should have the following units:  ( )( )smoldmka
3  and ( )1−skd . 
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However, in practice the net rate of adsorption is most frequently expressed as ( )ssolidgmolrad
~  in 

which case the capacity of the solid absorbent for the adsorbate is expressed as ( ) ( )solidgmolS 0
* .  

The adsorption and desorption rate constants remain unchanged.  If, however, one replaces the 

concentration of A in equation (12), (A), with partial pressure of ( )atmPA A, , then the units of the 

needed adsorption constant 
paK  become ( )11 −− satm . 

 

One should note that by subtracting the net rate of adsorption at equilibrium (which is zero) from 

equation (12) one can represent the rate of adsorption as being driven by the fractional surface 

coverage departure from equilibrium,  i.e. 

 

rad = ka S*( )0
A( )+ kd S*( )0[ ] θe − θ( ) (13) 

 

where 

 

( )
( )AK

AK

A

A
e +

=
1

θ  (5a) 

 

One should note that the above simplified development assumes a chemisorption process, i.e. a 

process requiring bond formation between A and *S  which has an activation energy.  It is assumed 

that only micro molecular coverage occurs.  This development also ignores possible effect of mass 

transfer rates via boundary layer diffusion on the rate of adsorption.  It does not consider porous 

solids and the effect of pore diffusion on the adsorption process. 

 

It does, however, present a very basic notion of adsorption.  Additional various types of dissociative, 

dual site, competitive and inhibitory adsorption mechanisms will be discussed in the appendix. 

 

In catalytic processes often it is assumed that adsorption is rapid and equilibrated while the rate 

limiting step is the surface reaction that converts *AS  to a new species.  The rate of that rate limiting 

step is then proportional to the equilibrium surface fractional coverage, eθ . 
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Instead of discussing heterogeneous catalyzed reactions, that always involve adsorption as an 

important step, we focus here on removal of components from a gas or liquid stream by adsorption 

which is a frequently used “unit process” in environmental engineering. 

 

PACKED ADSORBTION COLUMNS AND BREAKTHROUGH CURVES 

When we are interested in removing a particular component from a fluid phase by adsorption, we 

most frequently use packed (fixed) beds of solid adsorbent.  This is done because such an 

arrangement provides the largest possible mass of solids per unit volume of the fluid and the flow 

pattern of the fluid is the closest to plug flow.  Both of these are conducive to achieving a high 

volumetric productivity and throughput rates. 

 

Consider a cylindrical column packed with adsorbent as shown in Figure 2 

 

 

Ao

f

C

Q
 

A

f

C

Q

 
 

FIGURE 2:  Typical Packed Bed Adsorber 

 

The column has a diameter D and length H.  Constant volumetric flow rate of fluid Qf pumped 

through the column.  The packing in the column is uniform and has an equivalent diameter of pd .  

Initially there is no adsorbate on the packing in the column.  At time t = 0 we switch at the inlet from 

a flow of pure carrier fluid to a flow (at the same flow rate Qf) of a stream that contains 

( )LAmolCAo  in the feed.  The column is kept isothermal.  At the exit we monitor continuously the 

concentration of A, AC , in the effluent  i.e. we obtain the break through curve. 

 

A general break through curve will have the shape indicated in Figure 3. 
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FIGURE 3: Schematic of a Breakthrough Curve 

 

We are interested in understanding and quantifying the features of this curve.  A mass balance on the 

adsorbing species A for the whole column requires: 
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= εb V CAo MA + 1 − εb( )Vρp WA∞ − 0 (15) 

 

where 

 
εb = bed voidage 
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V(L)= column volume π D2 4( ) H  

( )LmolCAo  = molar concentration of A in the feed 

( )AmolAkgM A  = molecular weight of A 

( )Lkgpρ  = density of fresh solid adsorbent 

( )solidkgAkgwA∞  = saturation capacity of fresh adsorbent for A i.e. how many Akg  per kg fresh 

sorbent can one pick up at equilibrium at AoC . 

 

Total
Input of A

 

 
 

 

 
 = Qf CAo MA dt

o

∞

∫  (16a) 

 

Total
Output of A

 

 
 

 

 
 = Qf CAo MA dt

o

∞

∫  (16b) 

 

where 

 

Qf L s( ) = volumetric flow rate through the column 

 

( )LAmolC A  = exit concentration of A  as a function of time 

 

( )st  = time on stream (since AoC  introduced) 

 

Equation (14) now becomes 

 

εb V CAo +
1− εb( )V ρp wA∞

MA

= Qf CAo − CA( ) dt
o

∞

∫  (17) 

 

This can be rewritten as: 

 

εb V
Qf

+
1− εb( )V ρp wA∞

Qf CAo MA

= 1−
CA

CAo

 

 
 

 

 
 dt

o

∞

∫  (18) 
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The right hand side of equation (18) represents the dashed area in Figure 3.  Hence, a breakthrough 

experiment, on a model free basis, provides direct information on the adsorption saturation capacity 

of the solid.  The first term on the left hand side is the mean residence time of the flowing fluid 

external to the packing. It tells us how long it takes to replenish the volume of the fluid in the column 

with incoming flow rate.  It also tells us how long on the average a fluid element stays in the fluid 

phase of the column.  The second term on the left hand side is the ratio of the capacity of the solid 

adsorbent in the bed for adsorbate A to the carrying capacity of the inlet flow for A.  It tells us how 

long a time the inlet flow rate must be sustained to provide enough A to saturate the whole bed.  In a 

way it is a measure of the average residence time of the adsorbate on the adsorbent. 

 

Equation (18) and the above discussion make it  clear that from  a breakthrough experiment one can 

calculate the adsorbent saturation capacity wA∞ MA mol A g solid( ) which corresponds to fluid phase 

concentration AoC .  By repeating the breakthrough experiments at different levels of AoC  one can 

find the adsorption isotherm of wA∞ MA  vs AC . 

 

We recognize now that the area represented by ( )∫
∞

−
o

AoA dtCC1  is directly proportional to the 

saturation capacity of the bed.  Next we examine the shape of the curve.  Let us call 
Ao

A
A C

C
F =  to be 

the dimensionless F-curve, or breakthrough curve, for the adsorbate A. 

 

Also consider 10CCF ii =  as a step response, breakthrough curve, of a non-adsorbing inert species i.  

Then the following situations depicted in Figure 4 may arise. 
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FIGURE 4: Schematic of Breakthrough Curves of Inert (Nonadsorbing) and Adsorbing 

Species 

 

In Figure 4a, the breakthrough,  iF , of an inert (nonadsorbing) species is shown together with the 

breakthrough of the adsorbate A.  The sharp step-wise rise of the iF  curve indicates that the flow in 

the column is plug flow, (piston flow) as all the fluid elements that enter together flow together until 

the exit.  The area ( )∫
∞

=−
o

fi tdtF1  is the mean residence time of the fluid.  The fact that AF  is also a 

sharp rising step indicates that all adsorption-desorption processes are instantaneous on the time scale 

of flow.  The area  is given by equation (18). 

 

In Figure 4b, the fact that Fi is of sigmoidal S  shape indicates the response of a flow profile other 

than plug flow, and points to possibilities of flow maldistribution.  Since AF  is the same in shape as 

iF , but just translated in time, indicates that the rate processes involved in adsorption-desorption are 
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still instantaneous on the time scale of flow.  The area  (1− FA )dt
o

∞

∫   equals the sum of the two terms 

on  the left of equation (18) while the area 
o

∞

∫ (1-Fi)dt equals the first term on the left of equation 

(18). 

 

In Figure 4c, the sharp step-like rise of Fi indicates a perfect plug flow pattern in the column.  The 

fact that AF  is now of sigmoidal S-shape is indicative of the presence of substantial resistances in the 

adsorption-desorption process.  In other words, the kinetics, diffusion and other factors affecting the 

adsorption must be described to predict the shape of the S-curve. 

 

Figure 4d compares two breakthroughs, 
1AF  and 

2AF  of species 1A  and 2A , respectively. 

 

The solid adsorbent has the same adsorption capacity for both 1A  and 2A  e.g. 

( ) ( )∫ ∫
∞ ∞

−=−
o o

AA dtFdtF
21

11 .  Since 
1AF  is a sharp rising step-wise curve this indicates that the flow 

in the column is plug flow and all the steps involved in adsorption of 1A , are essentially 

instantaneous on the time scale considered.  Clearly, major resistances are present in adsorption of 

2A  which results in the sigmoidal 
2AF  curve.   

 

In adsorption the goal often is to remove a component from the fluid phase and, hence, when that 

component “breaks through” at an undesired level, the flow must be stopped and switched to another 

adsorption column.  Clearly then in Figure 4d the adsorbent used is excellent for removal of A 1 but 

does not yield a good breakthrough curve for 2A  adsorption. 

 

Thus runs of small adsorption columns could rapidly determine the suitability of various adsorbents 

for removal of different adsorbates.  A steep breakthrough curve with a long breakthrough time is 

sought. 

 

Often adsorption columns are used in periodic operation.  The adsorption step is followed by the 

desorption step in which the adsorbate is released in a new fluid phase frequently in concentrated 
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form.  For example, adsorption at low temperature can be followed by desorption  at elevated 

temperature upon heating the column.  In gas phase high pressure adsorption can be followed by low 

pressure desorption.  This swing pressure adsorption process is used extensively in industrial 

applications. 

 

One should also note that the theory of adsorption columns is intimately tied to the theory of 

chromatography.  For example, if we define 

 

dt
Fd

E i
i =  and 

dt
Fd

E A
A =  (19) 

 

Then iE  and AE  represent the impulse response of the column to a delta function (instantaneous) 

unit injection of inert I and species A. 

 
Ei

Ei

 
 

FIGURE 5:  Impulse Responses for Figure 4b 

 

Impulse responses derived from breakthrough curves of Figure 4b are shown in Figure 5.  The 

centroid of these can be shown to be 

 

( )∫
∞

=
o f

b
i Q

V
dttEt

ε
 (20a) 

 

t EA t( ) dt =
εb V
Qfo

∞

∫ +
1 − εb( )Vρp wA∞

Qf CAo MA

 (20b) 
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This is precisely the principle used in chromatographic columns to separate components that have 

different adsorption equilibrium constants wA∞ MA CAo( ). 

 

We examine now engineering models for the breakthrough curve. 

 

ENGINEERING MODELS FOR BREAKTHROUGH CURVES 

The task is to have a robust not overly complex model for prediction of the breakthrough time and the 

sigmoidal shape of the breakthrough curve and the ability to calculate the model parameters both by 

fitting experimental breakthrough curves and to predict then the theory.  It is important that the model 

has the ability to assess the effect of the change in scale of the column, or with operating conditions, 

on the shape of the breakthrough curve. 

 

For many systems, including adsorbers, it is possible to represent the dimesionable impulse response 

to a unit delta function input in the inlet in terms of the incomplete gamma function 

Ei(θ) =
θ 1 σ D

2( )exp(−θ /σ D
2 )

Γ 1 σ D
2( )

  (21) 

where θ = t / t  with t  being given by equation (20b) and 

θD
2 =

σ 2

t 2
  (22) 

where 

σ 2 = (t − t )2

o

∞

∫ Ei(t)dt   (23) 

where σ 2 is derived from a model of adsorption, flow, transport in the bed. 

 

For details see Linek and Dudukovic (1982). 

 

The use of such a representation in describing the performance of a cyclic mode of operation is 

described for heat regenerators by Dudukovic and Ramachandran (1985, 992).  The analogy to 

adsorbers should be self evident. 
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